SETS OF UNIQUENESS AND SETS OF MULTIPLICITY

BY
R. SALEM

1.1. Introduction. Let E be a set of points in the interval (0, 27). E is
said to be a set of multiplicity for trigonometrical series if there exists a
trigonometrical series not vanishing identically and converging to zero out-
side E. If no such series exists, E is said to be a set of uniqueness. Every set
of positive measure is a set of multiplicity, but there exist sets of multiplicity
of measure zero. On the other hand, among perfect sets of measure zero there
are sets of uniqueness as well as sets of multiplicity.

Let P be a perfect set of measure zero in (0, 27r) and let F(x) be any con-
tinuous, non-decreasing, purely singular function constructed on P, that is to
say F(x) is constant in every interval contiguous to P, but not everywhere.

Then it is a consequence of Riemann’s classical theory of trigonometrical
series that if the Fourier-Stieltjes coefficients of dF tend to zero, that is, if

2%
Cn = f e™zdF = 0(1) (n— ),
0

P is a set of multiplicity. But if ¢,#0(1) for every F(x) of the above described
type constructed on P, it is not known whether P is necessarily a set of -
uniqueness.

The only sets of uniqueness constructed so far are either sets of the
“Hardy-Littlewood-Steinhaus type,” called sets of the type H, or sets which
are the sum of a finite number or of a denumerable infinity of H-sets, called
sets of the type H,. For these results, due to Rajchman and to Nina Bary,
and for the general theory we refer the reader to Zygmund [1, pp. 291-
296](Y).

We shall suppose henceforth that P is a perfect set of the Cantor type
and of constant ratio of dissection ¢ (0 <£<1/2), constructed on (0, 27). Such
a set is obtained by dividing the fundamental interval in three parts of lengths
proportional to & 1—2¢, and £, respectively, and by removing the central
open interval. Two intervals are left on which we perform the same opera-
tion, and so on indefinitely. (Cantor’s classical ternary set corresponds to
£=1/3.)

It is easy to see that any point x belonging to P is given by the formula
1.1.) z=2r[la(l — ) + (1 — &) + - - - + et (1 —§) + - ]
where the ¢; are 0 or 1. Let F(x) be the continuous, non-decreasing, purely
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singular function defined by F(x) = e1/2+€/22+ - - - +€x/28+ - - - whenx
is given by (1.1.1). Then we have [Carleman 1, p. 225; Salem 1, p. 325]:

27 0
(1.1.2) Cn = f en=dF = e* [ ] cos mnt*1(1 — §).
0 k=1
Instead of considering the Fourier-Stieltjes coefficients of dF (depending
on the integral parameter #) we can consider the Fourier-Stieltjes transform
of d F (depending on the continuous parameter v), F being defined to be equal
to zero in (— », 0) and to 1 in (2w, «). We have thus

+c0 ©
(1.1.3) c(v) = f e#dF = e * ][] cos mug*1(1 — £).
—o0 k=1
If the set P and the function F are constructed on the interval (—=/(1—§),

w/(1—§)) instead of the interval (0, 27), we have, denoting by ® the function
F((1—§)x+m),

+o0 0
(1.1.4) y(w) = f e*#dd = [] cos wutk.
—c0 k=0
We can interpret ®(x) as the distribution function which is the convolution
of infinitely many symmetric Bernoulli distribution functions:

®(x) = B(x/m) » B(x/w§) » -+ » Ba/wtk) « - - -,

B(x) being the Bernoulli distribution function equal to zero in (— «, —1),
to1/2in (—1, 4+1) and to 1 in (1, 4 «). With this interpretation, it is known
(see Jessen and Wintner [1]) that £ need no longer satisfy the condition
0<£<1/2, but must satisfy the inequality 0 <¢<1:v(u)is still the Fourier-
Stieltjes transform of the distribution function ®, the essential difference be-
ing that if 0 <£<1/2, the “spectrum” of & is the perfect set nowhere dense P,
and ® is purely singular; while if 1/2 £ <1 the “spectrum” of ® is the whole
interval (—7/(1—£), 7/(1—£)), and ® can be either purely singular or abso-
lutely continuous.

In what follows, ¢, ¢(v) and v () shall always have the meaning of the
formulae (1.1.2), (1.1.3) and (1.1.4), respectively.

While, if we are concerned only with the behaviour of ¢, or of y(x) as n
or # tends to «, we can suppose 0 <£ <1, it is plain that in the study of perfect
sets of uniqueness and of multiplicity we must suppose 0 <§<1/2.

1.2. It has been known for a long time that the question whether a set P
of the above-described type is a set of uniqueness or a set of multiplicity is
deeply related to the arithmetical properties of the number £ (see Nina Bary
[2]). Actually it has been shown by Nina Bary [3] and by Kershner [1]
that if ¢ is rational and equal to the irreducible fraction p/g, ¢, and v (%) tend
to zero if p#1, and do not tend to zero if p =1. This, as we have seen, implies
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that P is a set of multiplicity when ps£1, but not necessarily that P is a set
of uniqueness when p=1. This latter result is, however, true, and has been
proved by Nina Bary [3] who has shown that if p =1 the set P is of the type
H, thus solving completely the question whether P is a set of uniqueness or a
set of multiplicity when £ is rational.

The purpose of the present paper is to give the solution of the same prob-
lem when £ is irrational. This solution has been rendered possible due to an
interesting work of Pisot concerning the properties of a certain set of alge-
braic integers which we shall define presently (see Pisot [1]—the same set
has also been considered, later on, by Vijayaraghavan [1]). We shall say that
a is a “Pisot-Vijayaraghavan number,” or briefly a “P. V. number,” if « is
an algebraic integer such that all its conjugates lie inside the unit circle
| 2| <1. The relation existing between P. V. numbers and the problem of the
behaviour of y(#) as u—« has first been recognized by Erdss [1], who
proved that if 1/£is a P. V. number, (%) does not tend to zero for u— .
(The trivial case £=1/2 is excluded.)

Here we shall prove the following theorems:

THEOREM l. Let G(x) be any non-decreasing function, constant in (— =, 0)
and in (2w, »), and let d, and d(v) be the Fourier-Stieltjes coefficient and the
Fourier-Stieltjes transform defined by

2w “+00
d, = f e™=dG, d(v) = f e’%dG.
0

—00

Then, if d.=0(1) for n— «, we have also d(v) =0(1) for v— =. (The converse
proposition is, of course, trivial.)

This theorem was proved first independently by A. Zygmund, whose
proof, based on different ideas, will be published elsewhere.

In particular we have: Let 0<£<1. If c.,=0(1) for n= =, then c(v) =0(1)
for v= o, and hence y(u) =0(1) for u= ». In other words, v(«) and ¢, both
tend or do not tend to zero as % and # increase infinitely.

THEOREM II. Let 0 <£ <1. If v(u) does not tend to zero for u= «, then 1/§
s necessarily a P. V. number.

This theorem is the converse of the result of Erdés quoted above. Collect-
ing the two results we see that ¢, and («) tend to zero if, and only if, 1/£
is not a P. V. number.

This proves that if 0<£<1/2 and 1/£ is not a P. V. number, the set P
is a set of multiplicity. But it does not prove that if 1/£ is a P. V. number,
0<£<1/2, theset Pis a set of uniqueness. This result is the object of Theo-
rem III.

THEOREM I11. Let 0 <£ <1/2. The set P is a set of uniqueness if (and only if)
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1/¢4sa P. V. number. In this case P is a set of the type H,.

When £<1/2 approaches 1/2 the middle interval removed in the con-
struction of the set P has a relative length tending to zero, and the Hausdorff
dimensionality of the set, which is log 2/ | log £| , tends to 1. It is, therefore, of
some interest to prove that we can have perfect sets of uniqueness con-
structed with £=1/(2+¢), € being positive and arbitrarily small. This is the
consequence of the following theorem:

THEOREM 1V. There are P. V. numbers of the form 24-¢, € being positive
and arbitrarily small. Hence, there are perfect sets P of uniqueness for which the
Hausdorff dimensionality is as close to 1 as we please.

2. Proof of Theorem I. We have d(v) = [T 2e*"*dG = [¢"e***dG and d,=d(n).
Suppose that lim d(n)=0. If d(v) does not tend to zero, we can find a se-
quence of numbers 93, v, - - -, ¥p, - + - increasing infinitely and such that
|d(,)| >8, & being a positive number. Let v,=7n,+a,, 7, being the in-
tegral part, and «, the fractional part of v,. There exists an infinite subse-
quence {v,} of the sequence {v,} such that @, has a limit @ when ¢— . We
have

2x
d(?}q) = f enqixeaqixdG’
0

hence

2T
f emize*izdG — d(v,)
0

< [6(27) — G(0)] max | ewi= — exiz| < ¢,
z

¢, tending to zero as ¢g— «. Hence, for ¢ large enough we would have

27
f enqixeaisz
0

But this is impossible for it is known as a consequence of Rajchman’s theory
of formal multiplication of trigonometrical series that [Z"e™** cos axdG and
JoTem= sin axdG tend to zero for n=  if, as is the case, ¢"e"=dG tends to
zero. (See Rajchman [2, p. 688].) Thus the theorem is proved.

3.1. Proof of Theorem II. Suppose that 0<£<1 and that v(u)
=] &0 cos mut* does not tend to zero for = . This means that there exists
a sequence of numbers %y, #s, + - -, %,, + - - increasing infinitely and such that
I'y(u,)l >a, a being a positive number. Let 6=1/¢ (1<0< ) and let
0" 1<y, =0 the integer n=mn, being a function of s. We can write u,=\,0"
where 1/6 <\, = 1. Hence A, belongs to the interval (1/6, 1) and we can find an
infinite subsequence {u,} of the sequence {#,} such that A, has a limit A
(1/6 =\ =1) when g— ». Now

> 8/2.

| v(2g) | = I YN\ 079) | = ] COS Ty €COS WA COS T2 - - - COS ThH™ |




222 R. SALEM [September

hence
(1 — sin? 7\,)(1 — sin? w\0) - - - (1 — sin? 7\ ,0™) = a2
which implies
exp (— sin? ¥\, — sin? w0 — - - - — sin? w\H™) = a?,
that is to say
sin? A, + sin? 7\ 0 + - - -+ + sin? TA 9™ < log 1/a2
Let now %, be a number belonging to the sequence {u,} and let r>gq.
We shall have
sin? w\, + sin? #\0 + - - - + sin? 7\ 0™ < log 1/a?
and, as r>g, we shall have, a fortiori,
sin? 7\, + sin? A0 + - - - + sin? 7\ 9™ < log 1/a2
Let now r— , g being fixed. We shall have, as lim A\, =]},
sin? o\ + sin? A0 + - - - + sin? #N0™ < log 1/q2.

Since ¢ is arbitrary, this implies that the series
(3.1.1) > sin? wAg»
0

converges to a sum not greater than log 1/a% Hence:

Let 0=1/%. If ¥(u) does not tend to zero for u= «, there exists a number \
(1/6 S\ =1) such that the series Y o sin? wA\0" converges.

Once this result is proved, Theorem II is a direct consequence of the the-
ory of Pisot. Since, however, this theory is unnecessarily general for our par-
ticular purpose, we think it better to give here a brief account of Pisot’s proof
for the convenience of the reader.

3.2. Suppose that the series (3.1.1) converges. Let w,=A0" and let
W, =a,~+u, where a, is the integer nearest to w, and —1/2<u,=<1/2. Then
the sequence {a.} is a recurring sequence, in other words

an+k+blan+k—l+"’+bkan=0y n=123-.--,

where % is a fixed integer and by, bs, - - +, bx are fixed rational numbers. Itis
known that in order to prove this it is sufficient to prove that the determinant

G a1 - an

a Qa2 - Gpyi
D, =

an Apt1 * * ° Qo2p
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is equal to zero for all » = k. k being the smallest integer having this property,
k is the minimum order of the recurrence. Here we can write

Gpt1 — 08y = Wy — 0wy — (ppi1 — Opp) = Opp — ppi1 = 1y

hence
o a; — fOay a;—0a; - @, — 06,
a; ay; — fay az—0a; - @uy1 — Oa,
D, =

an an+ll — ba. Qny2 — oa'n+1 © et Qgn — Bagn—y
G Mo M Mp—1

a M M2 N

Qn Mn  Mntl " " N2n—1

and, by Hadamard’s theorem,

2 n 2 B, n+1 2 2n—1 9
D, = Zap E’?r Z’?r Z" .
0 [} 1 n—1
Now the convergence of (3.1.1) is equivalent to the convergence of ) ou2.

Let) i°u2=Rs. We have
75 S 0 + Dy + i),

at+h

> S s S 0+ D(Ra + Rava) < 206" + DRy,
h .3
hence
2 2 2\ n, 2 n
D, = (Za,)z (0" 4+ 1)'RoR;y - - - Ruy.
0
Now, as p—», a,~w,=\0?, hence

Gotart ot an AN A0+ 07
=20 = 1)/6" - 1) <co™,

C being a constant depending on 6 and \ only. Hence

D <C[26°0" + 1)]"RoR: - - - Ruey;

as R,—0 for n— «, we have D,—0 for n— «, and as D, is an integer there
exists an integer k such that D;_;0 and D,=0 for #=%; and the sequence
{a.} is a recurring sequence of minimum order k.




224 R. SALEM [September

This, as is well known, proves that the power series ) a,3" represents a
rational fraction whose denominator is 14-b:24 - - - 4bx2*. Thus

i P(z)
3.2.1 W% = )
(3.2.1) D I R

P(z) being a polynomial with rational coefficients. Now it follows from a
theorem of Fatou [1, pp. 368-370, also Pélya and Szegs, 1, Aufgabe 2, pp. 142
and 357] that if a power series with integral coefficients represents a rational
fraction, this fraction can be written in the form P(2)/Q(2), P and Q being
polynomials with integral coefficients, and Q(0) being equal to 1. In other
words, in (3.2.1), k being the minimum order of the recurrence, by, bs, + « -, b
are integers.
Now

L]

D pazt = 2 NI — D @.3% = N
0 ]

0

1 P(z)
1 — 0z 14+ b3+ - + bizk

Since <1l converges, the radius of convergence of ) u,z" is at least 1.
Hence 1/6 must be a root of 1 +&;24 - - -+ +bxz*=0, and the £ —1 other roots
must have moduli not less than 1. But owing to the convergence of > ou2,
the function 2 u.z" cannot have a pole on the circle |z| =1. Hence the con-
jugates of 1/6 have their moduli greater than 1.

It is now sufficient to consider the equation g¥+bi2t—14 - - - 45, =0, to
see that 0 is an algebraic integer such that all its conjugates lie inside the unit
circle |z| <1, that is, 6 is a P. V. number, q.e.d.

(The above argument shows also immediately that X is algebraic, but we
do not need this result here.)

3.3. Conversely, if 0 is a P. V. number, there exists a number \ such that

the series (3.1.1) converges. Actually we can take A=1.Forifoy, 03, - - -, 0
are the conjugates of 6, then 6*+¢7+ - - - +o0}_; is an integer, and if ]a;l <é
<1fori=1,2, - --,k—1, we have

(3.3.1) lor] + - +]oka| = (B~ 18" <8

where 8’ <1, if 7 is large enough. Hence the series ) sin2 76" converges, and
it converges like a geometric progression.

This requires (except for the trivial case # =2) that y(«) does not tend to
zero for u— o, as has been proved by Erdos [1]. The proof is immediate
since the convergence of Y2 sin? 78" requires that the infinite product
11 cos? w67 converges to a number 4 0, unless one of the elements of the
product vanishes. This is impossible since it would require §*=(2k+41)/2 for
some positive integers # and k, which is in contradiction to the nature of the
number 6. Hence for p large enough []5 cos? nf»>A4/2 and
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| v(67) | = | cos #97-cos 707~ - - - cos wf-cos = | - | cos x/0 cos x/6% - - - )
> (4/2)V2| cos x/8 cos = /6% - - - I

and the last infinite product is greater than a positive constant except in the
trivial case §=2. (The case 6»=2 with »>1 is incompatible with the nature
of 6.)

4. Proof of Theorem III. Let now £ be such that 0<£<1/2 and let
0=1/& We shall prove that if 8 is a P. V. number the set P defined in 1.1
is a set of the type H,, hence a set of uniqueness. If x belongs to P, we have
by (1.1.1)

x=2m0 — 1)[e/0 + eo/02 + - - - ], e =0or 1.

Let G be the set of the points y=x/(0—1). This set lies in the interval
(0, 27/(8—1) <27) and we have y=2r[e/0+€/02+ - - - .

Let % be a fixed integer, to be chosen later on. Consider the 2* possible
combinations of the % digits dids - - - dp whered;=0or 1. Let Cy, G, « - -, Co
denote these combinations. Writing

@.1)  y=2r[(@/b+ -+ /8 + (nr/0 + - /o) + -]

consider the sequence of the ¢; belonging to one group of terms in parentheses.
They form one of the 2* combinations Ci, Cy, - - +, Cos.

Denote by G,, s=1, 2, - « -, 2% ‘the subset of G such that if y belongs to G,
the combination C, occurs in infinitely many groups of terms in parentheses
when y is written in the form (4.1). Then obviously G=G+G.+ - - - +Gan
(some of the G,’s may be empty). The G,’s are not necessarily closed sets.
But as G is closed we can write, G/ being the derived set of G,,

G=@G1+6)+ Ga+Gs) + - + G + Go).

Now let us consider G, for a fixed s. Let my, ms, - + -, m,, - - - be the infi-
nite sequence of the ranks of the groups of terms in parentheses where the
combination C, occurs. Let 2 be any point belonging to G,. We have

204 = 27 [enmn + €hmactd +  * * + Ehma—r—)01]
(4.2) + 27 [enimanyf + - - - + efrm1]
+ 27 [€nmns1/0 + €hmnso/02 + - - - ].

We can write

(4.3) g0t = a(s) 4+ B(z) + y(2)

where a(s), 8(z) and y(z) denote the three successive brackets in (4.2). It is
essential to observe that while 8(z) and y(z) depend on the particular point z,
the number a(s) depends on s only but not on z.
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Putting 0" =a,-+u. where a, is the integer nearest to 6* and —1/2<u,
=<1/2, we have

B(z) = 27 [entm—n@r+ * * + + €18hmp—1)] + 27 [ehcmu—ryptn + * * © + E1pprma]
21I'N(Z) + Bl(z)’

where N(2) is an integer. On the other hand, 6 being a P. V. number, we have
by (3.3.1) (4 being supposed large enough)

(4.5) | B1(2) | < 2w[6"% + 6'm1 4 - - - ] = 27862 /(1 — ¥)

where &' is a fixed number, depending on 6, and essentially inferior to 1. We
have also

4.4

(4.6) Z0rmn = 2ahm, + Zphmn
where
4.7 | Zpama | < 28"Pmn < 27"H,

Finally, let us remark that y(z2) is a point belonging to G,, hence to G.

Let I be the length of the greatest interval contiguous to G, and let us sup-
pose that % has been chosen such that the second members of (4.5) and (4.7)
are both less than /8, say. Then we have by (4.3), (4.4), and (4.6)

20hma = 27N (2) + a(s) 4+ y(z) + B:(2)
where B3:(2) =81(2) — 2lama, and so le(Z)l <1/4. This is equivalent to
2ahma = a(s) + y(z) + B2(3) ' (mod 27).

Let us denote by G the set of points deduced from G, by multiplication
by the integer @im, and reduction modulo 27. Apart from the translation a(s)
which isindependent of 2, the points of G; are given by the formula y(2) +8:(z).
As | Bz(2)| <1/4, and as y(z) belongs to G (whose greatest contiguous interval
is of length J) it follows that G} has a contiguous interval of length not less
than I—2l/4=1/2, and this is true for all x.

Now if we consider, instead of G,, the closed set G,+G; , the multiplication
by @ams and the reduction modulo 27 will give us the closed set G;+(Gy)’
where (G?)’ denotes the derived set of G;. It is obvious that for every =,
the set G+ (GF)" will have also a contiguous interval of length not less than
1/2, and this means [Rajchman 1, pp. 403-406] that the set G,+G/ is a set
of the type H, hence a closed set of uniqueness.

Now it is known [Nina Bary 1, p. 79, and Zygmund 1, p. 296] that the
sum of closed sets of uniqueness is a set of uniqueness, hence the set
G=Z§:1(G,+G.’ ) is a set of uniqueness: indeed, it is a set of the type H.,.

Finally, the given set P is homothetic to G and they both lie in (0, 2).
Hence, by a theorem of Marcinkiewicz and Zygmund [1], Pis aset of unique-
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ness. Moreover, it follows from a theorem of Nina Bary [3, p. 714] that P
being homothetic to a set of the type H, is itself of the type H,.

This completes the proof of Theorem III.

5. Proof of Theorem IV. In order to prove that there exist P. V. numbers
of the form 2+¢, € being positive and arbitrarily small, we shall use a method
inspired by the work of Vijayaraghavan [1, p. 350]. Consider the equation
f()=3"—22""1—1=0, n>2. As f(2) = —1, there is a root greater than 2.
We shall prove that for |zl =1+ and for all >0 small enough (n<7,) we
have |z"| <|2z*1+41|. For let z=pe*s. We have |2"|2=p?" and_

| 251 4 1]2 = 1 4 4p™1 cos (n — 1w + 4p2*2 = 4pn—2 — 4p1 + 1,
hence it is sufficient to prove that
¢(P) = p2n — 4p2n—2 + 4pn—1 —1<O0.

But ¢(1) =0 and (d¢/dp),=1= —21n+4<0. Hence there exists an 7o such that
if p=147(0<n<no) we have lz"| < Zz"—l-l-ll . This, by Rouché’s theorem,
proves that f(2) =0 has in the circle zl =149, 0<7n <7, the same number
of roots as 22"1+1=0, that is to say n— 1 roots. Hence, letting 7—0, we see
that f(2) =0 has #—1 roots with moduli not greater than 1. But it is easy to
see that there are no roots of modulus 1, for that would imply

(5.1)

{cosmo-— 2cos (n— Do =1,
sin nw — 2 sin (n — Do = 0.

Squaring and adding, we get 1 —4 cos w+4=1, that is to say w=0 which is in-
compatible with the first of the equations (5.1).
Hence the real root greater than 2 is a P. V. number. But

A +e)=2"(14+e*—2"(14+ el —1 =2l + &1 —1> 2% — 1,

hence taking e=1/2" we see that f(2(141/27)) is positive. Hence the P. V.
number is included between 2 and 2(14-1/2") and as # is as large as we please,
this proves the theorem.

6. Remark. In a previous paper [Salem 2, p. 71] the author has consid-
ered symmetrical perfect sets Q of order d (d being a positive integer) and of
constant ratio of dissection, whose points are given by the formula

x=2r[(e/)(1 — &) + (e2/DEA — &) + -+ - + (ex/DEA — &) + - -+ ]

where 0<£<1/(d+1) and the ¢; take all values 0, 1, - - -, d. (The classical
case considered in the present paper corresponds to d =1.) It has been proved
(loc. cit. pp. 77-79) that if £ is a raticnal fraction p/q (irreducible), Q is a set
of multiplicity if p1, and a set of uniqueness if p=1.

The method used to prove this result, combined with the argument of the
present paper, proves that Q is a set of uniqueness if and only if §=1/fis a
P. V. number (6>d+1).
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